This paper is concerned with the introduction of damping effects in the analysis of mechanical engineering structures. Damping can be considered as being generated by concentrated elements, by distributed elements, or by several effects existing simultaneously. Modeling damping for different engineering situations is described and some applications are presented briefly.
Introduction
During the design of engineering structures, numerical models are used to ensure satisfactory dynamic behavior. Natural frequencies, modes, frequency and time responses, are dependent on damping which can be quite difficult to model. This paper presents mechanical engineering structures studied at Laboratoire de Mécanique des Structures (LMSt) whose damping was due to concentrated elements, to distributed elements or to several simultaneous effects, and discusses analysis methods employed to take into account damping.
General procedure for modeling structural dynamics
Equations of the dynamic behavior of mechanical engineering structures are generally obtained by using Lagrange's equations associated with a numerical method used in most computer softwares, the finite element method. Consequently it is necessary to know the kinetic and strain energies and the virtual work of the external forces. Thus, in the best and most frequent case, modeling leads to a set of differential linear equations which can be written as
where M and K are the mass and stiffness matrices, C(Ω) contains the gyroscopic matrix and a viscous damping matrix, x and F (t) are the nodal displacement and force vectors. When dealing with basic vibrations, damping is presumed to be viscous. The reason for this assumption is that the differential set of equations of the system can be easily solved, and an equivalent viscous damping adequately represents damping effects in certain cases. However a major problem concerning the prediction of the dynamic behavior of engineering structures is that damping cannot be often represented in this fashion. In general the system (1) can be considered as linear for a large range of operating conditions. The first step is to solve the free motion equations which give the natural frequencies, associated mode shapes and damping ratio. A second step is concerned with the response of the system to excitation forces. In most cases it is necessary to reduce the number of degrees of freedom of the structure either by a substructure, or by a modal method, and two kinds of calculations are performed on the reduced systems: a frequency response and a time response [12] .
Examples of modeling damping due to concentrated elements
Rotating machinery includes rotors which are commonly supported by hydrodynamic bearings. Their characteristics are obtained from the solution of Reynolds equations [3] which gives stiffness and viscous damping coefficients. Many practical results are given in [15] , where for several kinds of bearings, the reduced coefficients, k ij and c ij , are given as a function of the Sommerfeld number: 
where µ is the viscosity of the lubricant, N (Ω = 2πN ) is the speed of rotation, R(D = 2R) and L are the radius and the length of the bearing, C is the radial clearance and W is the bearing radial load. Thus the stiffness and damping coefficients are:
and can be directly included in equations [6, 13] .
Reference [14] presents the analysis of the turbomolecular pump shown in Fig. 1 . The rotor is mounted on two bearings consisting of a roller bearing supported on an elastomer o-ring. The operating speed of rotation ranges from 40000 to 60000 rpm. The Campbell diagram which gives the critical speeds was calculated using estimates on the bearing and o-ring assembly stiffness. Then the turbopump rotating up to 60000 rpm was subjected to a harmonic excitation force fixed in space. This frequency response at certain speeds of rotation (10000- The elastomer mount and the all-metal mount, shown in Figs 3 and 4 are commonly used for the vibration isolation of structures. Their non linear behavior which arises from material and geometrical design depends on many parameters: temperature, pre-load, forcing frequency and especially deflection for the latter. Their effect can be modeled either with stiffness or restoring force models by the use of experimental characterization.
For harmonic response the stiffness model is based on the effective stiffness and loss factor which are measured from a harmonic load deflection loop [9] . For time response the stiffness model requires tangent and instantaneous stiffnesses measured from the curve fitting of a quasi-static load deflection loop, the damping being taken into account by the modal damping [8] . Consequently, the stiffness models depend on the type of excitation and cannot be used in the case of superposition of different types of excitation. In such a situation the restoring force model is necessary even if it requires a difficult and tedious experimental characterization. The equations of the structure are coupled with an additional first order differential equation sometimes involving a lot of parameters in order to obtain the hysteretic load-deflection loop as accurately as possible [1] .
Examples of modeling damping due to distributed elements
The applications presented here deal with elements constituted by viscoelastic materials which are frequently a part of a structure. The presentation which follows concerns a non-rotating structure with one viscoelastic material and subjected to a harmonic excitation.
Complex representations of the applied force and displacements are: (6) thus the frequency response of the system is given by the solution of
where K v is the viscoelastic material stiffness matrix and η v the loss factor. The number of degrees of freedom of the system is greatly reduced by using the n lowest modes, φ 1 , . . . , φ n , of the associated undamped structure. Hence a new set of coordinates results from:
and the use of equations (7) and (8) gives:
Equation (9) is solved for given values of Ω and the displacements of the structure result from Equation (8) .
The advantage is also in the values of the global loss factor, as in many cases the modes can be considered as uncoupled, which can be obtained by:
where η gi and η vi are the global and material loss factors corresponding to mode i [10, 11] . The application presented in [18] is a structure used for testing the method presented above, Fig. 5 . Its finite element model uses more than 3000 degrees of freedom. The frequency response at a given point is presented in Fig. 6 which shows that the modal reduction (only 10 modes are used) is very efficient and that experimental and predicted results are in very close agreement.
A jet engine stator vane with blade ends coated with viscoelastic material for reducing the frequency response amplitude under resonant conditions is shown in Fig. 7 . The prediction and experiments concerning mode 1, loss factor and frequency, are shown in Fig. 8 [16] . An alpine ski is presented in [17] . In normal use the center zone of the ski is pressed strongly into the snow and the stiffness of the shoe assembly is much greater than that of the ski. It is therefore of interest for ski manufacturers to determine the dynamic behavior of the front part of the ski. The results shown concern a ski made with 12 different metallic, composite and viscoelastic materials. The first four mode shapes are given in Fig. 9 and the frequencies and loss factors are given in Table 1 .
Examples of modeling damping due to simultaneous effects
When damping results from several effects it is practically impossible to predict its value. However, when one deals with a family of structures, estimates on the quality factor Q can be made. As for a one degree of freedom system, modal viscous damping coefficients are introduced by:
where k i , m i and Q i are respectively the modal stiffness, the modal mass and the quality factor corresponding to the mode i. The situation can be such that the structure has already been built and can be tested in laboratory conditions. A reciprocating single cylinder compressor was investigated [5] . The compressor unit is mounted on internal mounts, the stiffness of which is fairly known, and submitted to excitation forces due to the slidercrank mechanism. The compressor unit motion is defined by six degrees of freedom: 3 translations and 3 rotations of the center of inertia. The mass and stiffness matrices are known and modal mass and stiffness and modes shapes m i , k i , φ i (i = 1, 6) of this undamped model are easily obtained. Then the Q i factors of the compressor unit, mostly depending on the oil bath and on the mounts, are obtained from an experimental frequency response. Equation (11) gives the modal damping ratios and c i , . . . , c 6 are the diagonal terms of the matrix c = φ t Cφ (12) and as the matrix φ is square:
As the gyroscopic effect can be neglected equations (1) and (13) give:
The comparison between experiments and prediction has shown good agreement, especially for the start-up and the steady-state motions.
Use of the quality factor obtained from experience and/or experiments is particularly important for aero- nautical structures which, for obvious reasons, must be very safe. Modeling must be very close to reality: the mass, stiffness and gyroscopic effects can be obtained quite easily, hence it is necessary to include the influ- ence of damping in equations. Here damping comes from different physical mechanisms, such as friction, aerodynamics and material effects, acting simultaneously. These effects are difficult or practically impossible, at least at the present time, to model when dealing with engineering structures. Prediction of the dynamic behavior on the CFM-56 jet engine, see Figs 10 and 11, was based of a model of the low pressure rotor, the high pressure rotor and the envelope [2] . The quality factor was given by the manufacturer who, at the time when the work was done, already had about ten years of experience on test rigs and results in flight conditions concerning dynamic behavior.
Results, concerning an air turbine starter [14] , which are presented Figs 12 and 13 have been obtained with Q factors coming from certain measurements made under operating conditions and from systematic measurements on the test rig shown in reference [4] .
Reference [7] shows a propfan in a test rig which is used also for obtaining estimates on the quality factors.
Conclusion
If damping comes from only one effect it can often be included in equations; but experiments can be necessary. If damping comes from several effects an estimate can sometimes be made or, if the structure has been built, it can be measured. In any case when a new engineering structure with a damping effect difficult to model is concerned, it is important to carry out, simultaneously, modeling and experiments in situations close to operating conditions.
